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1. Introduction
Semi-leptonic B(s) decays are receiving considerable attention both experimentally and the-
oretically. They allow to determine fundamental parameters of the Standard Model (SM), like
Cabbibo-Kobayashi-Maskawa (CKM) matrix elements providing constraints on the SM in searches
for new physics. At tree-level in the SM, only charged flavor changing currents occur and transi-
tions of bottom quarks to charm or up quarks are suppressed by the small size of the corresponding
CKM matrix elements. Those decays are depicted by sketch a) in Fig. 1. Transitions of bottom
quarks to down or strange quarks may occur in the SM only at loop level (see sketches b) and c)
in Fig. 1) and the corresponding flavor changing neutral currents (FCNC) are further suppressed
due to the Glashow-Iliopoulos-Maiani (GIM) mechanism [1]. Since in the SM these transitions
are highly suppressed, they are good candidates to search for new physics. Anomalies have been
reported comparing SM predictions and experimental results, e.g., for angular observables [2],
branching fractions [3], and the ratio RK [4], but are also observed in charged tree-level b→ c
transitions see e.g. [5–8].
Besides experimental measurements, theoretical determinations of form factors are needed to
test the SM. After carrying out an operator product expansion (OPE), we conventionally classify
terms into “short” and “long” distance contributions. In the following we solely focus on the com-
putation of short distance effects as one ingredient to better constrain the SM. On the theory side
the uncertainties of these short distance contributions arise predominately from hadronic effects.
Using lattice quantum chromodynamics (QCD) techniques, we have set-up a program to deter-
mine form factors for semi-leptonic B(s) decays. This program started by calculating semi-leptonic
form factors for B→ pi`ν and Bs → K`ν [9] and last year we reported on generalizing our code
to additionally compute GIM suppressed decays with hadronic pseudoscalar or vector final states
[10]. Here we will present updates on our calculation involving FCNC and, furthermore, present
first results for bottom quarks transitioning to charm quarks. When combined with experimental
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Figure 1: Diagrams sketching the calculation of non-perturbative, short distance contributions to semi-
leptonic decays: a) charged tree-level decay
(
e.g., B→ pi`ν , Bs→ K`ν , or B(s)→ D(s)`ν
)
, b) and c) loop-
level decays with flavor changing neutral currents
(
e.g., Bs→ φ`+`−
)
. The short distance contributions are
indicated by the gray shading and implemented as point-like operators.
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a−1 Mpi # time
L3×T Ls [GeV] aml amh amphyss [MeV] # configs sources
243×64 16 1.785(5) 0.005 0.040 0.03224(18) 340 1636 1
243×64 16 1.785(5) 0.010 0.040 0.03224(18) 434 1419 1
323×64 16 2.383(9) 0.004 0.030 0.02477(18) 302 628 2
323×64 16 2.383(9) 0.006 0.030 0.02477(18) 360 889 2
323×64 16 2.383(9) 0.008 0.030 0.02477(18) 411 544 2
483×96 24 1.730(4) 0.00078 0.0362 0.03580(16) 139 40 162
483×96 12 2.77(1) 0.002144 0.02144 0.02132(17) 234 50 24
Table 1: Overview of the used gauge field ensembles. The ensembles were generated by the RBC and
UKQCD collaborations [12–15] using 2+1 flavor domain-wall fermions and Iwasaki gauge actions. The
domain-wall height for light and strange quarks is M5 = 1.8. The 243 and 323 ensembles are generated using
the Shamir domain-wall kernel [16, 17], while 483 ensembles use the Möbius kernel with α = 2 [18]. Values
for the inverse lattice spacing and the quark and meson masses are taken from the refined analysis [14] and
updated to include the finer a−1 = 2.77 GeV ensemble [15]. The light sea-quark mass is labeled aml , the
heavy sea-quark mass amh, and am
phys
s is the mass of the physical strange quark mass. The valence strange
quark masses used in our simulations on 243 (323) ensembles are amsims = 0.03224(0.025), while on 48
3
ensembles we used amsims = amh. Generation of propagators and calculating contractions is ongoing on both
483 ensembles.
measurements, B→D(∗)`ν form factors allow to determine the CKM matrix element |Vcb| but will
also allow to compute ratios of branching fractions R(∗)D
RD(∗) =
B(D→ D(∗)τντ)
B(D→ D(∗)`ν`)
, with `= e, µ. (1.1)
Only very recently the long-standing 2− 3σ discrepancy between inclusive and exclusive deter-
minations of |Vcb| seems to disappear [11]. The tension between SM predictions and experimental
findings for RD and RD∗ [5–8] are however independent of |Vcb| and warrant further investigations.
Independent lattice determinations of B→ D(∗)`ν semi-leptonic form factors will help to do so.
The remainder of this article is organized as follows: In the next Section we present the set-
up of our computation and give details on the actions and ensembles used in our simulations. In
Section 3 we report on our progress to compute rare semi-leptonic B-decays mediated by FCNCs.
Due to the limited space, we will focus here on Bs→ φ`+`− decays. In Section 4 we present our
setup for B(s) → D(∗)(s) `ν decays with charm quarks discretized as DWF. Finally we give a brief
outlook and conclude.
2. Computational set-up
Our simulations are based on RBC-UKQCD’s set of 2+1 flavor gauge field configurations [12–
15] generated with the Iwasaki gauge [19] and the domain-wall fermion action [16–18]. Currently
our measurements have been completed on the five ensembles at inverse lattice spacings of 1.785
and 2.383 GeV featuring unitary pion masses down to ∼300 MeV. Work is in progress to include
2
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additional data on the new 483 ensemble with a−1 = 2.77 GeV and the 483 ensemble featuring
physical pion masses at 1.730 GeV. For all ensembles Mpi L is greater than 3.8 and the spatial
box sizes are at least 2.6 fm. Details of the used configurations as well as the number of gauge
field configurations and sources per configuration are summarized in Tab. 1. In order to reduce
autocorrelations between lattices, we perform a random 4-vector shift of the gauge field prior to
starting our calculation.
In the valence sector we generate light and strange quark propagators using the same domain-
wall fermion formulation as has been used in the sea-sector. We simulate the heavy b-quarks using
the Fermilab [20] or relativistic heavy quark (RHQ) action [21, 22]. The RHQ action is an effective
action based on the anisotropic Sheikoleslami-Wohlert action [23] with a special interpretation of
its three parameters ensuring that discretization errors are small. For this work we repeated the non-
perturbative tuning of the three RHQ parameters following our prescription published in Ref. [24].
Re-tuning the RHQ parameters was triggered by the refined global fit updating the determinations
of lattice spacings [14] which enables us to consistently include the newer 483 ensembles. Details
of the new RHQ parameters will be published in a forthcoming paper.
Our choices for calculating 2-point and 3-point correlation functions on the lattice are guided
by our calculation of B→ pi`ν and Bs → K`ν semi-leptonic form factors [9]. We choose point-
sources for the light and strange quarks, but Gaussian smeared sources [25] for the heavy bottom
quarks. Since the separation of source and sink is crucial for obtaining a good signal in the 3-point
correlators, we carried out a dedicated study checking for the signal of all form factors contributing
to rare B decays in [10]. Our previous choices of tsink− tsource = 20 for ensembles with a−1 = 1.785
GeV were confirmed. Scaling that value proportional to the lattice spacing we use tsink− tsource =
26(30) for a−1 = 2.383 (2.77) GeV.
Data presented in the following Sections are analyzed using single elimination jackknife re-
sampling after first averaging correlators computed with different sources on the same gauge field
configuration.
3. Rare B decays with FCNC
The effective Hamiltonian for weak b→ q`+`− decays (with q a down or a strange quark and
` an e, µ, or τ lepton) is given by [26–31],
H b→qeff =−
4GF√
2
V ∗tqVtb
10
∑
i=1
(
CiOi+C′iO
′
i
)
, (3.1)
where V ∗tq and Vtb are CKM matrix elements, O
(′)
i are local operators and C
(′)
i their corresponding
Wilson coefficients determined in [32–34]. Primed operators differ from unprimed ones by their
chirality and are even further suppressed in the SM. Short distance contributions are dominated by
dileptonic operators (corresponding to Fig. 1c)
O9 =
e2
16pi2
q¯γµPLb ¯`γµ`, O10 =
e2
16pi2
q¯γµPLb ¯`γµγ5`, (3.2)
3
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q b
s
tsource
q¯(t)Γb(t)
tsink
Figure 2: Three point correlator function used to obtain the Bs→ φ and Bs→Ds form factors. Double lines
correspond to b-quark propagators, light, strange and charm propagators are denoted with single lines.
and the electromagnetic operator (Fig. 1b)
O7 =
mbe
16pi2
q¯σ µνPRbFµν . (3.3)
In Equations (3.2) and (3.3) the lepton is denoted by `, the mass of the b-quark by mb and PL(R) =
1
2(1∓ γ5), σµν = i2 [γµ ,γν ], Fµν = ∂ µAν − ∂ νAµ . Long distance contributions are commonly
estimated perturbatively [35, 36] but their reliability has been questioned due to the presence of
charm resonances arising from 4-quark operators also present at loop-level [37]. In the following
we focus on the computation of the dominant short distance operators for which a lattice calcula-
tion is suitable. We restrict ourselves to the computation of pseudoscalar B(s) meson decays into
a pseudoscalar or vector meson. Vector mesons are treated as stable using the narrow width ap-
proximation. To date only the Cambridge group [38–40] has carried out a lattice determination
for semi-leptonic Bs → φ`+`− form factors using MILC’s set of Asqtad gauge field configura-
tions. Further GIM suppressed rare B-decays have been investigated by HPQCD [41], and Fermi-
lab/MILC [42, 43].
The conventional parametrization of b→ s matrix elements is given by a set of seven form
factors fV , fA0 , fA1 , fA2 , fT1 , fT2 and fT3 [34]:
〈φ(k,λ )|s¯γµb|Bs(p)〉= fφ (q2)2i
µνρσε∗νkρ pσ
MBs +Mφ
, (3.4)
〈φ(k,λ )|s¯γµγ5b|Bs(p)〉= fA0(q2)
2Mφε∗ ·q
q2
qµ
+ fA1(q
2)(MBs +Mφ )
[
ε∗µ − ε
∗ ·q
q2
qµ
]
− fA2(q2)
ε∗ ·q
MBs +Mφ
[
kµ + pµ −M
2
Bs−M2φ
q2
qµ
]
, (3.5)
qν〈φ(k,λ )|s¯σνµb|Bs(p)〉= 2 fT1(q2)µρτσε∗ρkτ pσ , (3.6)
qν〈φ(k,λ )|s¯σνµγ5b|Bs(p)〉= i fT2(q2)
[
ε∗µ(M2Bs−M2φ )− (ε∗ ·q)(p+ k)µ
]
+ i fT3(q
2)(ε∗ ·q)
[
qµ − q
2
M2Bs−M2φ
(p+ k)µ
]
. (3.7)
In Equations (3.4)-(3.7), the 4-momenta of the Bs and φ mesons are given by p and k, respectively,
MBs and Mφ denote the corresponding meson masses, and q= p−k is the momentum transfer. The
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calculation is carried out in the Bs-meson rest frame i.e. q= (MBs−Eφ (|~k|),−~k) . The helicity and
polarization vector of the φ meson are denoted by λ and ε , respectively. The matrix elements in
(3.4)-(3.7) are obtained from the ratio
RαΓBs→φ (t, tsink,k) =
CαΓBs→φ (t, tsink,k)√
1
3 ∑iC
ii
φ (t,k)CBs(tsink− t)
√
4EφMBs∑λ ε j(k,λ )ε j∗(k,λ )
e−Eφ te−MBs (tsink−t)
(3.8)
t→∞, tsink−t→∞−−−−−−−−−→∑
λ
εα(k,λ )〈φ(k,λ )|q¯Γb|Bs(p)〉 , (3.9)
with the 3-point functions
CαΓBs→φ (t, tsink,~k) =∑
~x,~y
ei~k·~y〈φ(0,~0;λ )q¯(t,~y)Γb(t,~y)Bs(tsink,~x)〉. (3.10)
We sketch the 3-point functions in Fig. 2 and calculate them by contracting a sequential b-quark
with a strange quark propagator via a vector or tensor current q¯Γb with Γ= {γµ ,γ5γµ ,σ µν ,γ5σµν}.
The result is projected onto states of discrete momenta~k. The amplitudes obtained from Eq. (3.9)
allow the straightforward extraction of the form factors fA0 , fA1 , fT1 and fT2 . We extract the form
factors fA12 and fT23 following the Cambridge group procedure Ref. [39]
fA12(q
2) =
√
q2|~k|
8MBsEφkm
∗0,µR
mγµ γ5
Bs→φ , (3.11)
fT23(q
2) = i
|~k|(MBs +Mφ )
4Eφkm
√
q2MBs
∗0,µqνR
mσµν γ5
Bs→φ , (3.12)
where
∗0,µ =
1√
q2
(
|~k|,(Eφ −MBs)
~k
|~k|
)
. (3.13)
For our basis of form factors fV , fA0 , fA1 , fA12 , fT1 , fT2 and fT23 , we perform correlated, constant in
time fits up to discretized momenta of~k = 2pi(1,1,1)/L. Within our fitting ranges contamination
from excited states is not visible and we use the same fitting ranges for all momenta and ensembles
at the same lattice spacing. Fitting ranges for the 323 ensembles are obtained by scaling our choices
on 243 using the ratio of the lattice spacings. The resulting form factors are then renormalized
following the mostly non-perturbative method introduced in [44, 45]
〈φ(k,λ )|J |Bs(p)〉= ρbsJ
√
ZssJ Z
bb
J 〈φ(k)|J|Bs(p)〉, (3.14)
where J and J are the continuum and lattice current operators, respectively. We determine the
flavor-conserving renormalizaton factors nonperturbatively in the chiral limit (ZssJ = Z
ll
J ) and com-
pute ρbsJ at one loop in mean-field improved lattice perturbation theory for J = {γµ ,γµγ5}. For
tensorial currents we set the ρbsJ factor to its tree-level value because to date no perturbative one-
loop calculation has been pursued. Our preliminary results for the seven renormalized form factors
are presented in Figs. 3 and 4. In Figure 3 we show plots of the form factors for our coarse ensem-
ble with aml = 0.005 using fixed tsink− tsource = 20 and show the dependence on the time slices
t in between. The error bands show the values for specific momenta extracted from a correlated,
constant in time fit. Figure 4 shows the form factors versus the squared energy of the hadronic final
state (φ ) indicating the physical φ mass by the dashed line on the left.
5
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fV (n2 =3) =1.239(56)
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fA0 (n2 =1) =1.558(42)
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fA0 (n2 =3) =1.164(44)
0 4 8 12 16 20
time slice [lattice unit]
0.10
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0.50
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1
PRELIMINARY
fA1 (n2 =0) =0.594(12)
fA1 (n2 =1) =0.555(13)
fA1 (n2 =2) =0.513(15)
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time slice [lattice unit]
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PRELIMINARY
fA12(n2 =1) =0.3560(78)
fA12(n2 =2) =0.3269(85)
fA12(n2 =3) =0.297(10)
0 4 8 12 16 20
time slice [lattice unit]
0.20
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1.00
1.40
f T
1
PRELIMINARY
fT1 (n2 =1) =1.203(30)
fT1 (n2 =2) =1.052(30)
fT1 (n2 =3) =0.937(37)
0 4 8 12 16 20
time slice [lattice unit]
0.10
0.30
0.50
0.70
f T
2
PRELIMINARY
fT2 (n2 =0) =0.555(11)
fT2 (n2 =1) =0.536(12)
fT2 (n2 =2) =0.480(14)
0 4 8 12 16 20
time slice [lattice unit]
0.20
0.60
1.00
1.40
f T
23
PRELIMINARY
fT23(n2 =1) =0.989(22)
fT23(n2 =2) =0.911(25)
fT23(n2 =3) =0.829(32)
Figure 3: Effective mass style plots showing the determination of the seven form factors fV , fA0 , fA1 , fA12 ,
fT1 , fT2 and fT23 for Bs→ φ`+`− for the coarse ensemble (a−1 = 1.785 GeV) with aml = 0.005 and tsink−
tsource = 20. We extract the values from correlated, constant in time fits to appropriate linear combinations of
ratios of 3-point over 2-point functions. Fitting ranges are indicated by the length of the shaded error band.
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1.50
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0
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E 2ϕ [GeV2 ]
0.26
0.30
0.34
0.38
f A
12
PRELIMINARY
1.0 1.2 1.5 1.8 2.0
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aml =0.006
aml =0.004
aml =0.010
aml =0.005
Figure 4: Renormalized results for the seven form factors fV , fA0 , fA1 , fA12 , fT1 , fT2 and fT23 for Bs→ φ`+`−
versus the squared energy of the hadronic final state. Shown data are obtained on five different ensembles:
sea-quark masses aml = 0.005, 0.010 correspond to the coarse lattice spacing a−1 = 1.785 GeV and aml =
0.004, 0.006, 0.008 to the medium fine lattice spacing of a−1 = 2.383 GeV. The dashed lines indicate the
physical φ mass.
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L3×T a−1[GeV] aml amh amsimc ηsimc [GeV]
243×64 1.785(5) 0.005 0.040 0.30, 0.35, 0.40 2.2246(62), 2.4492(68), 2.6604(74)
243×64 1.785(5) 0.010 0.040 0.30, 0.35, 0.40 2.2257(62), 2.4501(68), 2.6612(74)
323×64 2.383(9) 0.004 0.030 0.28, 0.34 2.6985(97), 3.059(11)
323×64 2.383(9) 0.006 0.030 0.28, 0.34 2.6990(97), 3.059(11)
323×64 2.383(9) 0.008 0.030 0.28, 0.34 determination in progress
Table 2: Simulated charm-like bare input quark masses amsimc and the corresponding values of the ηsimc
meson masses in GeV (connected cc¯ contributions only) for our 243 and 323 ensembles. The physical ηc
mass is ηphysc = 2.9834(5) GeV [46].
4. Semi-leptonic decays with b→ c transitions
In order to determine semi-leptonic form factors for bottom quarks transitioning to charm
quarks, we need a prescription for simulating charm quarks on the lattice. Since the mass of the
charm quark (mMSc (µ = mc) = 1.27 GeV [46]) is less than our smallest cutoff (a−1 = 1.730 GeV),
we may either use an effective action like RHQ or a fully relativistic formulation based on domain-
wall fermions to simulate charm quarks. While the RHQ action is numerically cheaper, simulating
charm with domain-wall fermions has the advantage that we match the action used for light and
strange quarks. This avoids tuning the three parameters of the RHQ action and allows us to use a
renormalization procedure similar to that in our B→ pi`ν calculation. We therefore simulate charm
based on the recent work featuring optimized Möbius domain-wall fermions [15, 47–49] i.e. we use
domain-wall fermions with the Möbius kernel and choose the following parameters:
Ls = 12 (extent of the 5th dimension)
M5 = 1.6 (domain-wall height)
b= 1.5 and c= 0.5 (Möbius parameters) (4.1)
without link-smearing the gauge field [49, 50]. With this set-up, discretization errors have been
shown to remain small for quantities like the charmonium mass ηc or D(s) meson masses and de-
cay constants if bare input quark masses below amq . 0.4 are chosen [48]. Thus on our coarse
ensembles (a−1 ≈ 1.78 GeV), we cannot directly simulate charm quarks but expect a linear ex-
trapolation to be benign [15, 49]. We simulate 2-3 charm-like quark masses and will subsequently
extra-/interpolate to the physical charm quark mass. The bare charm quark masses used in our
simulations as well as the ηc masses relevant for a future extra-/interpolation are listed in Tab. 2.
Before starting the form factor calculation, we first explored the signal of charm-light and
charm-strange 2-point functions. We repeated a study investigating Gaussian smeared sources for
the charm quarks with different widths σ similar to the one presented in [24]. In Figure 5 we show
the outcome of this study by plotting effective masses for Ds-like mesons on the left and D∗s -like
mesons on the right obtained on the coarse 243 ensemble with aml = 0.005. As can be seen in the
plots, the green data corresponding to a width σ = 7.86 and Nsmear = 100 Jacobi iterations result in
the earliest onset of the plateau which also extends over many time slices. Incidentally this is the
same outcome as we found in our study for bottom quarks. Hence we will use the same choice for
8
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Figure 5: Exploring different widths σ of the Gaussian source used to generate charm quarks by comparing
effective masses for the Ds-like meson on the left and the D∗s -like meson on the right. Strange quarks are
generated with a point source and both propagators are contracted with a point sink. The data are obtained
on the coarse 243 ensemble with aml = 0.005 using amsims = 0.03224 and am
sim
c = 0.400.
the Gaussian smearing in the following. Likewise we verified that the same separation of source
and sink is suitable and results in a good plateau when analyzing the 3-point functions.
In the following we restrict ourselves to D(s) pseudoscalar final states and introduce the stan-
dard form factors f+ and f0 for semileptonic pseudoscalar-to-pseudoscalar decays
〈D(s)(k)|c¯γµb|B(s)(p)〉= f+(q2)
(
pµ + kµ −
M2B(s)−M2D(s)
q2
)
+ f0(q2)
M2B(s)−M2D(s)
q2
qµ , (4.2)
where p is the 4-momentum of the B(s) meson, k the 4-momentum of the D(s) meson, and q ≡
(p− k), the momentum transferred to the outgoing charged-lepton-neutrino pair. As before we
carry out our calculation in the B(s)-meson rest frame i.e. q=
(
MB(s)−ED(s)(|~k|), −~k
)
.
The form factors introduced in Eq. (4.2) are defined in the continuum and related by the
bottom-charm renormalization factor ZbcVµ to the matrix elements we determine on the lattice
〈D(s)(k)|Vµ |B(s)(p)〉= ZbcVµ 〈D(s)(k)|Vµ |B(s)(p)〉. (4.3)
The continuum vector current operator is denoted by Vµ = c¯γµb andVµ is the corresponding lattice
current operator. Again we obtain the renormalization factor by rewriting it according to the mostly
non-perturbative method [44, 45]
ZbcVµ = ρ
bc
Vµ
√
ZccV Z
bb
V , (4.4)
where the flavor conserving factors are determined non-perturbatively and only the remaining ρ-
factor is determined using lattice perturbation theory.
Following the prescription given in Refs. [51, 52], ZccV is obtained in the chiral limit using the
domain-wall height M5 chosen to simulate charm quarks. In Figure 6 we show our preliminary
results for Bs→ Ds`ν semi-leptonic decays in terms of the form factors f‖ and f⊥ obtained on the
243 ensembles with a−1 = 1.785 GeV. f‖ and f⊥ are linearly related to the physical form factors
f+ and f0. These data have yet to be renormalized and are based on the tree-level operator only.
We show discretized momenta up to~k= 2pi~n/L with~n up to (2,0,0) and average spatial directions
with the same |n|.
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Figure 6: Preliminary results for our determination of semi-leptonic form factors for Bs → Ds`ν . On the
left we show f‖, on the right f⊥. The upper plots show fits to the linear combination of ratios of 3-point over
2-point functions determining the form factor for the coarse ensemble (a−1 = 1.785 GeV) with aml = 0.005
using amsimc = 0.300. In the lower plots we show our results for both coarse ensembles as a function of the
squared energy of the Ds-like meson. The mass of the Ds-like meson is indicated by the black dashed line.
5. Outlook and conclusions
We have reported on the status of our program to compute semi-leptonic B decays. The full
program considers pseudoscalar B or Bs mesons in the initial state and a single pseudoscalar or
vector meson in the final state. Vector final states are treated as stable within the narrow width
approximation. Here we show updates for our calculation of GIM suppressed Bs→ φ`+`− decays
and presented first results for computing b→ c transitions as they occur e.g. in Bs→ Ds`ν .
Most of our numerical simulations have been completed on the 243 and 323 ensembles, but we
are still accumulating data on the more costly 483 ensembles. In parallel we are carrying out the
perturbative calculations required for renormalizing and O(a)-improving the weak matrix elements
calculated on the lattice and start to build-up our data analysis. Once we have O(a)-improved and
renormalized data we will start to carry out combined chiral- and continuum extrapolations and for
B(s)→ D(∗)(s) `ν decays will explore extra-/interpolating to the physical charm quark mass.
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